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                                                             Abstract
Selective harmonic elimination technique to synthesize single-phase and three-

phase Pulse Width Modulation (PWM) waveform using six-step symmetry is presented 
in this paper. The six-step PWM technique inherently generates no triplen, no even 
harmonic and eliminates non-triplen odd harmonic to the desired order. This means that 
the dc bus voltage is utilized to the maximum. It also provides a balanced three-phase 
system at any instant. 
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1. Introduction 
    The performance of voltage source inverters and the quality of their outputs are 

seizing a wide area of most progressive research field in the last two decades. A large 
number of techniques for reducing the total harmonic distortion (THD), harmonics 
elimination, and reducing the switching loss have been reported [1-7]. Elimination of 
harmonics, particularly the lower-order ones results in a high-quality output. This in 
turns leads to a reduction in the current ripples, torque pulsation, and improving the over 
all system performance [8-12]. Therefore harmonics elimination is the key issue in 
optimizing the system performance. Two techniques have been used for harmonics 
elimination. One is based on the symmetry of the quarter of the sine wave that spans 
from 0o to 90o[2]. The other is based on the folding symmetry of the sine wave that spans 
from 0o to 60o. The second is called six-step PWM modulation technique [3]. In both 
techniques, a programmed PWM schemes are used, where the switching angles are pre-
calculated, based on approximate model of the switching angles trajectories, and stored 
in a look-up table in read-only memory (ROM) [4]. The interpolation between the values 
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in the look-up tables, to provide quasi-continuous voltage control, is associated with 
complexity [5]. To avoid memory-based implementation to the PWM firing angles,  

several studies have been reported [6][13]. One of the techniques is called area 
equalization of the PWM. It determines the pulse-width in each sample interval by 
making the area of the inverter output equal to the area of the sinusoidal reference 
voltage. This technique has been compared with the programmed PWM technique 
reported in [2]. The comparison shows a superiority of the programmed PWM 
technique; because it can produce high-quality waveforms and high voltage gain at a 
reduced switching frequency. The advance of computer technology and the fast power 
electronic devices makes the programmed PWM technique more attractive to be used 
on-line in real time to provide a good dynamic response at comparatively low cost. 

The purpose of this paper is to investigate and characterize a PWM technique, for 
single-phase and three-phase inverters. It is based on six-step PWM technique to 
eliminate selected harmonics. The six-step PWM technique inherently generates no 
triplen, no even harmonic and eliminates selected odd harmonics to the desired order. In 
this technique the dc bus voltage is utilized to the maximum. It provides an output 
voltage peak up to 1.0pu, with the absence of the triplen harmonics a balanced three-
phase system at any instant is guaranteed. This technique is particularly important in 
single-phase voltage synthesis since the triplen harmonics are inherently absent 
otherwise they would have to be eliminated individually. Newton-Raphson method is 
used to solve the non-linear simultaneous transcendental equations (10). In addition an 
investigation of the range of the harmonics elimination and the switching angle 
trajectories are established. 

2. The principles of six-step symmetry 

Figure (1) shows three 120o phase-shifted cosine functions F1 ( ), F2 ( ) and F3 ( ) from 
–60o to 360o. Since the cosine function is an even function, the waveforms are divided 
into 60o intervals. The segment of F1 ( ) from 0 to 60o is represented by function f ( ), 
the segment from -60o to 0 represented by f (- ),

Where;  

ooff 6060)()(              (1) 
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Figure (1) Waveforms of three-phase 120o phase shifted cosine and the relationship 
between various segments of cosine function 

Figure (1) shows how other segments are represented by phase shifting of  f ( ),  and f (-
). For example, the segment F2 ( ) from 60o to 120o is the negative of that of         f ( )

between 0oand 60o shifted by 60o. Similarly, the segment of F3 ( ) from 60o to 120o is 
that of   f ( ) between –60o and 0o shifted by 120o.

Evaluating the function description of a zero-crossing segment such as F1 ( ) from 
60o to 120o, or F2 ( ) from 0o to 60o can be done by using the property of the three phase 
system where; 

F1 ( )+F2 ( )+F3 ( ) = 0                                             (2) 

For example, the function description of a zero crossing segment F1 ( ) from 60o to 120o

can be computed from those of the other two segments F2 ( ) and F3 ( ) from 60o to 
120o, that is -f (- +120)+ f ( -60). Using the above technique the entire function F1( )
can be described as 
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Examining equation (3) shows that one-sixth interval of the waveform is used to 
describe the entire waveform. Therefore, the function F1 ( ), as defined by equation (3), 
possesses a six-step symmetry. Placing notches in f ( ) at predetermined angles s'  is 
employed in this work to eliminate the desired number of harmonics with fundamental 
amplitude control. 

3- Six-step spectrum analysis 
  Figure (2) shows a single-phase inverter configuration, the output voltage Va-b is to be 
synthesized using the Fourier expansion. The analysis gives the amplitude of the 
fundamental frequency.  

Figure (2) Single phase full-bridge inverter 

The function F1 ( ) as defined by equation (3) contains the six-step symmetry. The 
angles are usually defined for one basic waveform segment from which the PWM 
waveform is constructed based on symmetry. In this technique the notches are placed on 
one of the symmetrical folding segment of the waveform, i.e. 0o to 60o period, where, 
The angles are constrained such that, 

S1

S4

S3

S2

Vin

Va-b

D1

D4



Harmonic Elimination using Six-Step Symmetry Pulse Width Modulated Waveforms

17

o
M 600 321             (4) 

Figure (3) defines the required variable angles s' , when the total number of angles M 
in the 60o segment is even or odd values. The value of M leads to different equation for 
Fourier coefficients 

(a)

(b) 

Figure (3) Sketch of the switching angles s' for (a) M is even (b) M is odd 

Assuming the number of lower-order harmonics that can be eliminated is N. The 
required angles s'  equals M= 1+N. Thus, M equations are required to find the M 
variables. The coefficients of the Fourier expansion for F1 ( ), in equation (3), are even 
functions, and contain only cosine terms. Therefore, F1 ( ) can be written in the Fourier 
expansion form as,  

1
1 )cos()(

n
n nAF                                          (5) 

The coefficient An is given by 
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2

0
1 )cos()(1 dnFAn                             (6) 

Using equations (1) and (3) and reducing all the integrals to the same limit (0 to 
/3) An becomes as 

3

0

))]
3

cos()(cos()1(1)[((8 dnnnfA n
n                        (7) 

From the above equation An is equal to zero when n is even and Mn 3 , where 
7,5,3,1M . Thus, the even and triplen harmonics are inherently eliminated by 

this method. For ,4,3,2,1)16( qwhereqn .  An becomes as 

3

0
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(cos8 dnnfnAn                                       (8) 

Substituting for f ( ) reduces An to a single equation as 

              (9) 
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Therefore, equation (9) can be expressed as shown in equation (10) for M=9, 
and An is defined as a modulation index, its value varies between 10 nA
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3. Newton-Raphson numerical analysis technique 
Equation (10) is a set of nonlinear equations such that the switching angles 
( M,,,, 321 ) cannot be computed directly. Newton-Raphson numerical 
technique is used to obtain the solutions. The steps of using numerical technique for 
solving the set of equations are as follows: 

a) Assign a set of initial values 00
1 to M

T
M

][ 00
3

0
2

0
1

0                          (11)

b) Calculate 00 )( ff

Where   T
M

fffff 00
3

0
2

0
1

0

c) Using Taylor’s series and ignoring the Hessian matrix (second order derivatives) 
and higher derivatives, the solution of equation (10) to determine the M variables 
( s' ) should be in the following form to fit the Newton-Raphson technique 
(equation 12), where [J] is the Jacobian matrix 
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In short form Jf T

d) The left hand side and the Jacobian in the right hand side of equation (12) can be 
determined from the first previous guess of T

M
][ 00

3
0
2

0
1

0

e) Inverting the Jacobian the correction needed to converge can be calculated 
T

M
][ 321

f) Repeat (a) to (e) until [ f ] converges to a very small value in equation (12) 
equals or below 0.01  

4. Simulation results 
Newton-Raphson method requires a suitable initial guess to guarantee convergence. 

For each case (M=9 or 8. etc.,) a good starting guess is selected at modulation index of 
0.5 where initial switching trajectories are calculated assuming equal intervals. These 
results are used as an initial guess for modulation indexes of 0.4 and 0.6 then solutions 
proceed for higher and lower modulation indexes using as initial guess the results of the 
previous ones. The angles trajectories in Figure (4 and 5) were obtained by solving 
equations (10) using Matlab software for M= 9 and 8, respectively. 

Figure (4a) shows the variations of trajectory angles versus the modulation index 
(or the fundamental p.u. voltage magnitude). The selected eliminated harmonics are 5th,

7th, 11th, 13th, 17th, 19th, 23rd and 25th.. Figure (4b) shows the variations of the amplitudes 
of the first three harmonics (29th, 31st and 35th) normalized to the fundamental peak. 
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Figure (4a) The variation of the switching angles versus the Modulation index for M=9  

Figure (4b) The variation of the first three significant harmonics with the normalized 
amplitude for M=9

Figure (5a) shows the variations of trajectory angles versus the modulation index 
(or the fundamental p.u. voltage magnitude). The selected eliminated harmonics are 5th,
7th, 11th ,13th, 17th, 19th and 23rd . Figure (5b) shows the variations of the amplitudes of 
the first three harmonics (25th, 29th and 31st) normalized to the fundamental peak. 
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Figure (5a) The variation of the switching angles versus the Modulation index for 
M=8 

Figure (5b) The variation of the first three significant harmonics with the 
fundamental peak 

5. Simulation results for six-step PWM  
Referring to the configuration of single-phase inverter shown in Figure (2). The 

process of harmonic elimination for a selective harmonics involves placing notches in 
the PWM waveforms at calculated angles as explained in the procedure in section 3. To 
eliminate N harmonics at any modulation index, (N+1) angle is required to define the 
position of the notches. These angles are used to define one basic waveform pattern 
segment, which is over a period of 600 as described before, then the entire waveform 

signal is constructed based on symmetry. Figure (6a) shows the Va-b voltage of a single–
phase inverter, for M=9. Where, 5th, 7th, 11th, 13th, 17th, 19th, 23rd and 25th harmonics are 
eliminated. Figure (6b) shows the results of the spectrum analysis of the waveform 
shown in figure (6a), which assures the expected elimination of the selected harmonics 
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mentioned above. Table 1 lists the numerical values of the magnitude of Fourier series 
coefficients as percentage of the fundamental amplitude. 

Figure (6a) Waveform for the output voltage when the 
selective harmonics are eliminated 

Figure (6b) Fourier spectrum for the output voltage,
when the selective harmonics are eliminated M = 9 

Table 1 Harmonics and their magnitude as percentage of the fundamental for 
modulation index equal 1 and the frequency =50Hz  

% of 
fundFreqOrder

% of 
fundFreqOrder

% of 
fundFreqOrder

% of 
fundFreqOrder

0.0021400280.010950190.001500101.006501
0.3221450290.0021000200.002550110.0011002

0.0031500300.0011050210.002600120.0001503

0.2501550310.0011100220.011650130.0012004

0.0021600320.0091150230.000700140.0022505

0.0001650330.0011200240.001750150.0013006

0.0011700340.1071250250.001800160.0093507

0.0431750350.0021300260.006850170.0014008

0.0011800360.0021350270.001900180.0014509
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The same procedure is applied to the three- phase inverter shown in Figure (7). 
Simulation results using six-step PWM are obtained as shown in Figure (8), for Vab, Vbc,
and Vca and the selected harmonics are eliminated for M=9. 

Figure (7) Three-phase full-bridge inverter 

Figure (8) Waveform for the output voltage of three-phase inverter when the 
selective harmonic 5th, 7th 11th 13th 17th 19th 23rd 29th 31st are eliminated 
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6. Conclusions 
Newton-Raphson technique is developed to determine the firing angles of inverter 

output voltage using six-step PWM. Spectral analysis shows elimination of triplen, even 
and odd harmonics up to the desired degree. Angles vary almost linearly which means 
smooth voltage control. Results in this paper at 50Hz match with results described in [3] 
at 60 Hz. Therefore, this technique can be applied to both systems.   Newten–Raphson 
method described in this paper shows powerful and fast calculating technique. 

 .
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